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Automorphic $L$-functions via Novodvorsky’s integrals
(Tomonori Moriyama)
\S 0.
, 2 Siegel $F$ , 4 Euler
$L$- (spinor $L$- ) $L(s, F)$ , $F$
Fourier ( “generic” ) ,
, $F$ spinor $L$- s-
[M0-3]
Siegel $F$ , L-
, , Novodvorsky spinor $L$- (Novodvorsky
) , $GL(2)_{\mathrm{A}}$ $L$- Hecke-
Jacquet-Langlands (\S 1 ) Novodvorsky
, generic $F$
, $F$ generic ( , $F$











) , $Sp(2, \mathrm{R})$ Whittaker $\text{ }$
T.Oda([0-1]) , $F$














(L1) Fourier . $SL(2, \mathrm{R})$ $\Gamma’$ $SL(2, \mathrm{R})$
$\Gamma’\backslash SL(2, \mathrm{R})$ $C$“- $\varphi$ : $SL(2, \mathrm{R})arrow \mathrm{C}$ ,
(i) $\varphi(\gamma g)=\varphi(g)$ $\forall\gamma\in\Gamma’,\forall g\in SL(2, \mathrm{R})$ ;
(ii) $\varphi$ SO(2)- $Z(51(2, \mathrm{R}))$- , $Z(\epsilon 1(2, \mathrm{R}))$ $\epsilon 1(2, \mathrm{R})$
$U(\epsilon 1(2, \mathrm{R}))$
(iii) $\varphi$ , $C>0,$ $M>0$ $|\varphi(g)|\leq C||g||^{M}(||g||:=$
$\mathrm{t}\mathrm{r}({}^{t}gg))$ ,
, $\varphi$ $SL(2, \mathrm{R})$ $\underline{\Gamma’\#.\text{ }-t\text{ }(\not\in_{\mathrm{B}^{\downarrow\pi,\prime}}^{\pi\acute{\nearrow}\text{ }}}$
$k>0$ $SL(2, \mathrm{R})$ $\varphi$ $\mathfrak{h}_{1}:=\{x+\sqrt{-1}y\in \mathrm{C}|x\in$
$\mathrm{R},$ $y>0\}$ $k$ \mbox{\boldmath $\varphi$}d , ,
$\varphi((\begin{array}{ll}a bc d\end{array}))=(c\sqrt{-1}+d)^{-k}\varphi_{dm}((a\sqrt{-1}+b)(c\sqrt{-1}+d)^{-1})$ , $(\begin{array}{ll}a b\mathrm{c} d\end{array})\in SL(2,\mathrm{R})$ ,
$\varphi$ , $\Gamma’:=SL(2, \mathrm{Z})$
$\varphi_{dm}$ Fourier $\varphi_{dm}(z)=\sum_{l=1}^{\infty}a_{l}e^{2\pi\sqrt{-1}lz},$ $(z\in \mathfrak{h}_{1})$
1 $\mathrm{R}\ni x\mapsto>\varphi((\begin{array}{ll}1 x0 1\end{array})g)\in \mathrm{C}$ Fourier
, $\varphi$ Fourier :
$\varphi(g)=\sum_{l\in \mathrm{Z}\backslash \{0\}}W_{\varphi,l}(g)$
, $W_{\varphi,l}(g):= \int_{0}^{1}\varphi((\begin{array}{ll}1 x0 1\end{array})g) \exp(-2\pi\sqrt{-1}lx)dx$.
, $\varphi$ $l=0$
$\sigma_{\varphi}:=\mathrm{C}- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{R(g_{1})\varphi|g_{1}\in SL(2, \mathrm{R})\}$ , $[R(g_{1})\varphi](g):=\varphi(gg_{1})$ , $g,g_{1}\in SL(2, \mathrm{R})$ ,
$\sigma_{\varphi}$ , $\sigma_{\varphi}$ $R$ $SL(2, \mathrm{R})$ \sigma ,(
$L^{2}(\Gamma’\backslash SL(2, \mathrm{R}))$ ) SO(2)-type $k$ $SL(2, \mathrm{R})$
$D_{k}^{+}$ , $\varphi$ , $\mathrm{W}\mathrm{h}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{a}\mathrm{k}\mathrm{e}\mathrm{r}$
([Wa, Theorem 88], [Sh, Theorem 31]) , $SL(2, \mathrm{R})$ $W_{\varphi}^{(\infty)}$
$a(l)(l=1,2, \cdots)$
$W_{\varphi,l}(g)=a(l)W_{\varphi}^{(\infty)}( (_{0}^{\sqrt{l}} 1/\sqrt{l}0)g)$ , $g\in SL(2, \mathrm{R})$ ,
W\mbox{\boldmath $\varphi$}(\sim $D_{k}^{+}$ Whittaker
, $\varphi$ ,
$W_{\varphi}^{(\infty)}((\begin{array}{ll}1 x0 1\end{array})(_{0}^{\sqrt{y}}1/^{0}\sqrt{y})(\begin{array}{ll}\mathrm{c}\mathrm{o}\mathrm{s}\theta \mathrm{s}\mathrm{i}\mathrm{n}\theta-\mathrm{s}\mathrm{i}\mathrm{n}\theta \mathrm{c}\mathrm{o}\mathrm{s}\theta\end{array}))=e^{2\pi\sqrt{-1}x}y^{k/2}e^{-2\pi y}e^{\sqrt{-1}k\theta}$,




Fourier , \mbox{\boldmath $\varphi$}d Fourier $\varphi_{dm}(z)=\sum_{l=1}^{\infty}a_{l}e^{2\pi\sqrt{-1}lz}$ ,
$(z\in \mathfrak{h}_{1})$ , $a(l)=l^{-k/2}a_{l}(l=1,2, \cdots)$
(1.2) $L$- . , $\varphi$
$\varphi(\gamma z_{\infty^{u}fg_{\infty})=\varphi(g_{\infty}),\gamma}\in GL(2)_{\mathrm{Q}},$ $z_{\infty}>0,$ $u_{f}\in GL(2,\hat{\mathrm{Z}}),$ $g_{\infty}\in SL(2, \mathrm{R})$ ,
$GL(2)_{\mathrm{A}}$
$\varphi$ Whittaker
$W_{\varphi}(g):= \int_{\mathrm{Q}\backslash \mathrm{A}}\varphi((\begin{array}{ll}1 x0 1\end{array})g) \mathrm{e}_{\mathrm{A}}(-x)dx$ , $g\in GL(2)_{\mathrm{A}}$ ,
, $\mathrm{e}_{\mathrm{A}}$ : $\mathrm{A}/\mathrm{Q}arrow \mathrm{C}^{(1)}$ $\mathrm{e}_{\mathrm{A}}(x_{\infty})=\exp(2\pi\sqrt{-1}x_{\infty})(x_{\infty}\in \mathrm{R})$ I
$\mathrm{A}/\mathrm{Q}$
$\varphi_{dm}$
$L$- $\hat{L}(s, \varphi)$ Hecke
$\hat{L}(s, \varphi)=\int_{0}^{\infty}\varphi_{dm}(\sqrt{-1}y)y^{s}d^{\mathrm{x}}y$ , $\mathrm{K}\triangleright$ { ,
$Z(s, \varphi):=\int_{\mathrm{Q}^{\mathrm{x}}\backslash \mathrm{A}^{\mathrm{x}}}\varphi((\begin{array}{ll}y 00 1\end{array}))|y|_{\mathrm{A}}^{s-1/2}d^{\mathrm{x}}y$
(Jacquet-Langlands ) , $\lceil_{\mathrm{u}\mathrm{n}\mathrm{f}\mathrm{o}1\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{g}\rfloor}$ l ,
$Z(s, \varphi)=\int_{\mathrm{A}^{\mathrm{x}}}\mathcal{W}_{\varphi}((\begin{array}{ll}y 00 1\end{array}))|y|_{\mathrm{A}}^{s-1/2}d^{\mathrm{x}}y$, ${\rm Re}(s)>>0$
, $\varphi_{dm}$ Hecke-eigen form , Whittaker $\mathcal{W}_{\varphi}(g)$
, $\mathcal{W}_{\varphi}(g)=\prod_{v}\mathcal{W}_{\varphi}^{(v)}(g_{v}),$ $g=(g_{v})\in GL(2)_{\mathrm{A}}$ Whittaker
, $Z(s, \varphi)$ ( ) , L-
, $\mathcal{W}_{\varphi}^{(\infty)}|_{SL(2,\mathrm{R})}=W_{\varphi}^{(\infty)}$ , $v=\infty$
$\Gamma_{\mathrm{C}}(s+(k-1)/2)$
, Jacquet-Langlands([J-L]) Hedce
, Novodvorsky , $GL(2)$




(2.1) Siegel . $G$ 2 simplectic :
$G=Sp(2, \mathrm{R}):=\{g\in GL(4, \mathrm{R})|{}^{t}gJ_{4}g=J_{4}=(\begin{array}{ll}0 I_{2}-I_{2} 0\end{array})\}$.
$G$ $\Gamma$ , $\Gamma:=Sp(2, \mathrm{Z})=G\cap SL(4, \mathrm{Z})$ $F:\Gamma\backslash Garrow \mathrm{C}$ $G$
$\Gamma$ , :
(i) $F(\gamma g)=F(g)$ $\forall\gamma\in\Gamma,\forall g\in Sp(2, \mathrm{R})$ ;
(ii) $\varphi$ $K$- $Z(\mathrm{g}\mathfrak{p}(2, \mathrm{R}))$- , $K:=Sp(2, \mathrm{R})\cap O(4)$ , $Z(\epsilon \mathfrak{p}(2, \mathrm{R}))$
(2, R) U( (2, $\mathrm{R})$ ) ;




1. $F$ Hecke-eigen cusp form
2. $F$ $G$ $D(-\lambda_{2},-\lambda_{1})(1-\lambda_{1}<\lambda_{2}<0)$ , $F$
$D_{(-\lambda_{2},-\lambda_{1})}$ K- $\tau_{(-\lambda,-\lambda_{1})}\underline{9}$ $v_{0}$ ,
$\Pi_{F}$ $:=\mathrm{C}- \mathrm{s}\mathrm{p}\mathrm{a}\mathrm{n}\{R(g_{1})F|g_{1}\in G\}$ , $[R(g_{1})F](g):=F(gg_{1})$
$F$ , $\Pi_{F}$ $R$ $G$ $F$ (
$L^{2}(\Gamma\backslash G)$ ) $D(-\lambda_{2},-\lambda_{1})$ $Sp(2, \mathrm{R})$
, [O-1] ,
$v_{0}\in D_{(-\lambda_{2},-\lambda_{1})}$ , $D_{k}^{+}$ , $D(-\lambda_{2},-\lambda_{1})$
3. $F$ genefic
generic 2 $(k, l)\in \mathrm{Z}_{>0}\cross \mathrm{Z}_{>0}$
$F_{k,l}(g)$







$F$ generic , $(k, l)$ $F_{k,l}$
( , 1,2 , $F_{1,1}$ ) $\circ$ \S 1
, Whittaker –. , $(k, l)$ $Sp(2, \mathrm{R})$ $C$“- $W_{F}^{(\infty)}$
$c(k, l)$ , ,
(2.1) $F_{k,l}(g)=c(k, l) \cross W_{F}^{(\infty)}(\frac{1}{\sqrt{l}}$ $g_{\infty})$ ,
, $W_{F}^{(\infty)}$ $Sp(2, \mathrm{R})$ $D(-\lambda_{2},-\lambda_{1})$
Whittaker ,
$c(k, l)$ $F$ Fourier
(2.2) spinor $\mathrm{L}$- . 2 Siegel $F$ 1 3
, $F$ Fourier $c(k, l)$ , spinor $L$- $L(s, F)$
$L(s, F):= \sum_{l=1}^{\infty}c(1, l)l^{-s+\mathrm{s}/2}$
, $F$ , Fourier $c(k, l)$





, $L$- $\hat{L}(s, F)$
$\hat{L}(s, F):=L_{\infty}(s, F)\cross L(s, F)$
, :
21. $\hat{L}(s, F)$ $s$ - ,
$\hat{L}(s, F)=(-1)^{\lambda_{1}}\hat{L}(1-s, F)$
22. $(-1)^{\lambda_{1}}$ # , ,
, $F$ $GSp(2, \mathrm{R})$
$\mathrm{R}$ Langlands ([La]) ([Kn],[Ta])
\S 3.
, Novodvorsky([No 1 $],[\mathrm{N}\mathrm{o}- 2,$ \S 1]) 1970
$L(s, F)$
(3.1) . , $F$ $\mathrm{G}$
$\mathrm{Q}$ similitude 2 simplectic :
$\mathrm{G}=GSp(2):=$ {$g\in GL(4)|{}^{t}gJ_{4}g=\nu(g)J_{4}$ for some $\nu(g)\in \mathrm{G}_{m}$ }.
$\mathrm{G}_{\mathrm{A}}$
$g$
$g=\gamma z_{\infty^{u}fg_{\infty}}$ , $\gamma\in \mathrm{G}_{\mathrm{Q}},$ $z_{\infty}>0,$ $uf\in GSp(2, \hat{\mathrm{Z}}),$ $g_{\infty}\in Sp(2, \mathrm{R})$ ,





(3.2) . spinor $L$- Novodvorsky ( )
3.1. $F$ Novodvorsky $Z_{N}(s):=Z_{N}(s, F)$











$F$ Whittaker , $\mathrm{G}$ $\mathrm{N}$







, N $\psi_{\mathrm{A}}$ : $\mathrm{N}_{\mathrm{A}}arrow \mathrm{C}^{(1)}$








$\mathcal{W}_{F}(g):=\int_{\mathrm{N}_{\mathrm{Q}}\backslash \mathrm{N}_{\mathrm{A}}}F(ng)\psi_{\mathrm{A}}(n^{-1})dn$ , $g\in \mathrm{G}_{\mathrm{A}}$ ,
, , $F$ Hecke-eigen
$\mathcal{W}_{F}(g)=\prod_{v}\mathcal{W}_{F}^{(v)}(g_{v})$ , for $g=(g_{v})\in \mathrm{G}_{\mathrm{A}}$ ,
Whittaker unfolding ,
( , [B2, fi3], [M0-2, 2] ) :
3.2(Basic identity). $Z_{N}^{(\infty)}(s, \mathcal{W}_{F}^{(\infty)})$ ( ,
) ${\rm Re}(s)\gg 0$ ,
(3.1) $\int_{\mathrm{A}^{\cross}}$ $)|y|_{\mathrm{A}}^{s-3/2}dxd^{\mathrm{x}}y$ .
${\rm Re}(s)>>0$ , $Z_{N}(s, F)$
, $Z_{N}(s, F)$
$Z_{N}(s)= \prod_{v}Z_{N}^{(v)}(s)$ , $Z_{N}^{(v)}(s):= \int_{\mathrm{Q}_{v}^{\mathrm{X}}}$ $)|y|_{v}^{\epsilon-3/2}dxd^{\mathrm{x}}y$ .
, \S 2 ,





, $Z_{N}^{(p)}(s)$ 4 Euler $F$ $G_{\mathrm{Q}_{p}}$ #
$\mathrm{G}_{\mathrm{Q}_{p}}$ ($F$
Hecke ) $A_{p}\in GSp(2, \mathrm{C})$ ( , $F$
$SO_{3,2}$ , $A_{p}\in Sp(2, \mathrm{C})=LSO_{3,2}$ )
Whittaker ([C-S],[Ka]) , $Z_{N}^{(p)}(s)$ ([B2,
\S 3],[M0-4, 2] ) :
33. $Z_{N}^{(p)}(s)$ ${\rm Re}(s)\gg 0$ , ,
$Z_{N}^{(p)}(s)=[\det(1-A_{p}p^{-s})]^{-1}$ ,
,
$Z_{N}(s, F)=Z_{N}^{(\infty)}(s)\cross L(s, F)$ , ${\rm Re}(s)>>0$
$\mathrm{Q}$ $v$ l , $\eta\in \mathrm{G}_{\mathrm{Q}}$ GQ\mapsto GQ
\eta , $\overline{\mathcal{W}}_{F}^{(v)}(g_{v}):=\mathcal{W}_{F}^{(v)}(g_{v}\eta_{v})(g_{v}\in \mathrm{G}_{\mathrm{Q}_{v}})$ ,
$\mathcal{W}_{\overline{F}}(g)=\prod_{v}\overline{\mathcal{W}}_{F}^{(v)}(g_{v})$
, $\forall g=(g_{v})\in \mathrm{G}_{\mathrm{A}}$ ; $\mathcal{W}_{F}^{(p)}(g_{p})=\overline{\mathcal{W}}_{F}^{(p)}(g_{p})$ $\forall p<\infty$ ,
, $\hat{L}(s, F)$ $s$- ( )
3.4( ). Whittaker $\mathcal{W}_{F}^{(\infty)}$ (i)
(ii) :




(3.3) Whittaloer . 3.4 $Z_{N}^{(\infty)}(s)$ ,
Whittaker Oda [O] , $v_{0}$
$D_{(-\lambda_{2},-\lambda_{1})}$ , $Sp(2, \mathrm{R})$ Whittaker $\mathcal{W}_{F}^{(\infty)}$
$\ovalbox{\tt\small REJECT}/$ , Euler ,
Whittaker Whittaker Wr $\tilde{\mathcal{W}}_{F}^{(\infty)}$
Mellin-Barnes $C\in \mathrm{C}^{\mathrm{x}}$
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(i) $\mathcal{W}_{F}^{(\infty)}$ (diag( $a_{1}$ , a2, $a_{1}^{-1},$ $a_{2}^{-1}$ ))
$=C \mathrm{x}\exp(-2\pi a_{2}^{2})\cross\int_{L(\sigma_{1})}(4\pi^{3}a_{1}^{2})^{(-s_{1}+\lambda_{1}+1)/2}ds_{1}\int_{L(\sigma_{2})}(4\pi a_{2}^{2})^{(-s_{2}+\lambda_{2})/2}ds_{2}$
$\cross\Gamma(\frac{s_{1}+s_{2}-2\lambda_{2}+1}{2})\Gamma(\frac{s_{1}+s_{2}+1}{2})\Gamma(\frac{s_{1}}{2})\Gamma(\frac{-s_{2}}{2})$ ,
(ii) $\tilde{\mathcal{W}}_{F}^{(\infty)}$ (diag($a_{1}$ , a2, $a_{1}^{-1},$ $a_{2}^{-1}$ ))




, $L(\sigma j)(j=1,2)$ $\sigma j-\sqrt{-1}\infty$ $\sigma j+\sqrt{-1}\infty$
(3.4) $Z_{N}^{(\infty)}(s)$ ( ). $Z_{N}^{(\infty)}(s, \mathcal{W}_{F}^{(\infty)})$






, 3.4 , $\hat{L}(s, F)$
, $F$ $\epsilon \mathfrak{p}(2, \mathrm{R})$ , $F$
( , [M0-3]) )
\S 4.
(1) , $L$- ,
${\rm Re}(s)>>0$ , Whittaker









([Mo 3]) , generic $F$
2 , Whittaker
$\mathcal{W}_{F}^{(\infty)}$ S. Niwa[Ni] T. Ishii [I] ,
$Z_{N}^{(\infty)}(s)$
$\text{ }$
(4) $F:\Gamma\backslash Garrow \mathrm{C}$ Fourier $c(k, l)$ $N$
$\mathrm{N}(/\mathrm{Q})$
$\mathrm{R}$- $F_{k,l}$ , $\mathrm{e}(kx_{0}+lx_{3})$
$F$ $N$ Fourier , , $\Gamma\backslash G$ $\Gamma\backslash G=\bigcup_{g\in G}N\cap\Gamma\backslash Ng$
$F$ $N$
$N$ $\mathrm{e}(kx_{0}+lx_{3})^{-1}$ $F_{k,l}$ , $F_{k,1}$ (2.1)
Fourier $c(k, l)$
, Siegel generic ($c$ ( $k$ , l)=0) ,
, ,
Fourier ([An] ) ,
Fourier , ,
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